How non-spherical particles orient as they settle in a flow has important practical implications in a number of scientific and engineering problems. In a quiescent fluid, slowly settling particles orient so that they settle with their broad side first, an effect of a torque due to convective inertia of the fluid set in motion by the settling particle. Turbulent flows tend to randomise the particle orientation.
I. INTRODUCTION
The settling of non-spherical particles in a flow is of importance in several scientific and engineering problems [1] . One example is given by deep cumulus clouds. In such clouds, the temperature falls well below 0 o C, so that small ice crystals form which play a very significant role in the formation of precipitation [2, 3] . The orientation of such small ice crystals also determines how electromagnetic radiation is reflected from clouds [4] . A second example is the sedimentation of organic and anorganic matter in the turbulent ocean [5, 6] . The dynamics of motile micro-organisms in turbulence [7] [8] [9] [10] , usually slightly heaver than water, has important consequences for the population dynamics and the ecology of the ocean system.
More generally, understanding the angular dynamics of non-spherical particles in turbulent flow is a challenging fundamental problem [11] . When the particles are heavier than the fluid in which they settle, the problem is significantly complicated. Even in the simplest case of spherical particles suspended in a turbulent flow, a detailed understanding of their settling properties is only beginning to emerge [12] [13] [14] [15] [16] . Clearly, understanding the angular dynamics is essential to describe the settling of non-spherical particles.
An exact theoretical description of the problem requires the solution of the full Navier-Stokes equations, imposing no-slip boundary conditions at the surface of the solid [17] [18] [19] . An alternative, much more tractable approach consists in using simplified descriptions, based on known solutions of the Navier-Stokes equations. For example, it is frequently assumed that the particle dynamics can be described by the Stokes approximation, neglecting the acceleration of the surrounding fluid set in motion by the particle. Thus one assumes that the hydrodynamic force on the particle is simply Stokes force, and that the torque is Jeffery's torque [20] . The resulting set of equations has been used to study the orientation distribution of non-spherical particles in turbulence [21] [22] [23] [24] [25] [26] [27] . This model predicts that the orientation of non-spherical particles settling in turbulence is biased, despite the fact that the turbulence is isotropic. It was found that rods tend to settle tip first, and disks are biased towards settling edge first.
Yet this model neglects the effect of fluid inertia. How convective fluid inertia affects the orientation of particles settling in a fluid has been studied mostly for a fluid at rest. Whereas the corrections to the translational motion, in particular for a sphere, are very well understood for small particle Reynolds numbers [28] , the effect of the convective fluid inertia upon the angular dynamics in the same regime has been less studied. Analytic expressions were proposed by [29] for nearly spherical particles, by [30] for slender bodies, and more recently by [31] for spheroids of arbitrary aspect ratios.
Much less is known when particles settle through fluid in motion. [32] measured the angular distribution of slender rods settling in a two-dimensional (2D) steady vortex flow. In most cases they found that the distributions are strongly peaked so that the rods tend to settle edge first, as they would in a quiescent fluid. This indicates that the effect of convective fluid inertia dominates the angular dynamics. [32] performed numerical simulations of a model taking into account convective fluid inertia, generally in good agreement with their experimental results. [33] analysed the angular dynamics of slender rods settling in turbulence at different Reynolds numbers, and showed that rods settle with their broad side first. The observed distribution of orientation is very narrow, the more so as the settling number, Sv (a dimensionless measure of the settling velocity) is large. [34] arrived at the same conclusion, although with a different prediction for the orientation distribution. The study of [35] provides a consistent description of the orientation statistics. The aim of the present work is to determine the conditions under which it may be justified to neglect fluid inertia for the angular dynamics of spheroids settling in turbulence. For this, we use the same model as [34] and [32] : we assume that the torque on the particle is simply the sum of Jeffery's torque and the convective fluid-inertia torque for a particle moving slowly and steadily in a fluid at rest [31] . Our model also includes the first fluid-inertia correction due to slip in the centre-of-mass dynamics [36] . We estimate the ratio R of the magnitudes of Jeffery's torque T St and the convective fluid-inertia torque T I as:
where v is the particle velocity, ω its angular velocity, u is the fluid velocity, Ω the vorticity and ν is the viscosity of the fluid. The differences |u − v| and |Ω − ω| are the translational and rotational slip velocities. The convective fluid inertia torque dominates when R 1, in this case a rod settles with its long edge first. When R 1, by contrast, we expect a rod to settle with its tip first.
In the case of a laminar flow, as studied by [32] , we find that R ≈ (W s /U 0 ) 2 Re f , where W s is the settling velocity of the particle, U 0 the characteristic velocity of the flow, and Re f = U 0 L/ν is its Reynolds number. We recall here that the orientation bias described in [23] [24] [25] [26] occurs when the settling velocity, W s , is larger than the flow velocity, U 0 , W s /U 0 1. We conclude that this bias can be observed only if Re f (W s /U 0 ) 2 < 1, and at the same time W s /U 0 1. These two conditions can be satisfied when Re f is small.
In turbulence, we estimate instead
We conclude that the orientation bias described in [23] [24] [25] [26] cannot be observed in high-Re f turbulence because it requires W s /U 0 1 and at the same time R 1. These predictions are in good agreement with results of numerical simulations presented below, in Section IV.
II. EQUATIONS OF MOTION
In an incompressible fluid with density ρ f and kinematic viscosity ν = µ/ρ f , we consider solid spheroids of density ρ p and of semi-axes a and aβ. With our convention, oblate (prolate) spheroids correspond to β < 1 (β > 1). The semi-major axis of the particle,ã, is equal to a (aβ) for oblate (prolate) particles, and the mass of the particle is m p = 4 3 πa 3 βρ p . We denote by n a unit vector aligned with the symmetry axis of the particle, n (Fig. 1 ). The motion of solid particles is entirely characterized by the velocity of their centers of mass, v, and their angular velocity, ω. In the following, we restrict ourselves to particles heavier than the fluid, ρ p ρ f . To describe the dynamics of the settling particle we use the same model as [34] and [32] . This model can be rigorously justified only for a particle settling in a homogeneous flow at small particle Reynolds number Re p ≡ W sã /ν [28] [29] [30] [31] , and neglecting the effects of shear and unsteadiness [37] . But the model was shown to qualitatively describe the angular dynamics of rods settling in a two-dimensional vortex flow [32] . In this model, the equation of motion describing the evolution of the particle velocity v(t) reads:
where g is gravity and u = u(x(t), t) represents the undisturbed velocity of the fluid at the point where the particle is located, x(t), at time t. Together with the equation dx/dt = v, Eq. (2) determines the position of the particle center of mass. The second term on the right-hand side (r.h.s.) of Eq. (2) expresses the Stokes drag force, appropriate for a spheroidal particle. The expression of this force involves the anisotropic drag tensor
where n is the unit vector defined above (see Fig. 1 ), and X A and Y A are dimensionless coefficients which only depend on the shape of the spheroid through the parameter β. Their expressions are be found in Appendix A of [31] . The third term on the r.h.s. of Eq.(2) represents the inertial contribution to the force. The dimensionless tensor M I takes the form:
where α is the angle between the slip velocity u s = v − u and n (α = cos −1 (u s · n/|u s |)).
The angular equation of motion reads:
We expressed here the equations of motion in the particle frame (x,ŷ,ẑ) with axesê x ,ê y ,ê z attached to the particle. Hereafter, all the quantities expressed in this frame carry a hat. The relation between a tensor expressed in the reference frame of the particle,K, and in the reference frame of the laboratory, K is given by:
where R is the rotation matrix between the two frames. We note that the equation of evolution of R is simply dR ij /dt = ε ikl Ω k R lj , where ε ijk is the Levi-Civita symbol. In our simulations, rotations were represented in terms of quaternions [26, 27, 38] . The tensorÎ is the moment-of-inertia tensor, which is diagonal in the reference frame of the particle (x,ŷ,ẑ):Î = (4πρ p a 5 β/15) diag(1 + β 2 , 1 + β 2 , 2). The second term on the r.h.s. of Eq. (5) represents the torque induced by the non-Galilean nature of the particle frame [39] . The first term on the r.h.s. of Eq. (5), results from the hydrodynamic torqueT acting on the particle. Following [32] , we expressT as the sum of Jeffery's torque [20] ,T St , and of the contribution due to fluid inertia [29] [30] [31] ,T I for a particle moving steadily in a homogeneous flow:T =T St +T I . Jeffery's torque is given by [20] :
whereŜ ij andΩ i are the components of the strain and vorticity, expressed in the reference frame of the particle. The quantities α 0 and γ 0 are dimensionless, and depend only on β [20] . The torque induced by convective fluid inertia reads (to order Re p ):T
where F β is a dimensionless shape factor. Its dependence upon β can be found in Section 4 of [31] . We have neglected here possible fluid-inertia corrections due to shear. This is justified provided that the Oseen length, O ≈ ν/W s , is much smaller than the Saffman length, S ≈ (ν/s) 1/2 , where s is the order of magnitude of the velocity gradients in the flow [19] . We must therefore require that S / O 1, an assumption we reconsider in the following Section.
III. RELATIVE IMPORTANCE OF JEFFERY'S TORQUE AND FLUID-INERTIA TORQUE
To estimate the relative importance of the inertial effects on the dynamics of the particles orientation, we calculate the ratio R ≡ |T I |/|T St |. The particles orientational dynamics is therefore expected to be correctly described by the Jeffery torque when R 1. We begin by looking at the case of very slim, prolate spheroids, with β 1. In this limit, one obtains:
where u s is the slip velocity |u − v| and we recall that s is the inverse of a characteristic time scale representing the angular slip velocity |Ω − ω| or the local strain |S|. The terms responsible for the change in orientation are thex and y components in Eq. (8) . For our purpose, we therefore consider only these components. As we are interested only in orders of magnitude, we will approximate 5/8 by 1 in the following.
In the opposite limit of very thin disks, β 1, one obtains:
where u s and s are defined as before, and F 0 = lim β→0 F β = 38/9 − 17216/(945π 2 ) [31] , so 3F 0 /32 ∼ 1. Equation (9) for disks therefore only differs from Eq. (8) for rods by the 1/ log(β) factor, which in practice is close to 1 if 5 ≤ β ≤ 100. To summarise, for very flat disks (β 1) and for thin rods (5 ≤ β ≤ 100, not too thin so that the value of log β remains moderate), the ratioT I /T St is of order R, defined by Eq. (1). To provide an estimate for R, we estimate the slip velocity as u s ∼ W s , where W s ≈ gτ p is the settling velocity of the particle. Here τ p is its response time, defined as a 2 log β(ρ p /ρ f )/(3ν) for prolate bodies and πa 2 β(ρ p /ρ f )/(8ν) for oblate ones.
To estimate the inverse characteristic time scale s, we need to distinguish the laminar and turbulent cases. Turbulent flows generate large gradients. Standard estimates show that the vorticity root-mean square is of order | Ω 2 1/2 | ∼ (U 0 /L)Re 
Using the Kolmogorov velocity scale [40] , u K ∼ U 0 Re −1/4 f , we can rewrite this estimate as R ∼ (W s /u K ) 2 , consistent with the formulation in [35] where the width of the orientation distribution in the limit R 1 is evaluated. At any rate, Eq. (10) shows that the fluid-inertia torque cannot be neglected when Re f is large, unless possibly when W s /U 0 is very small. But in this limit the orientation distribution is approximately uniform. This means that the orientation bias analysed in [23] [24] [25] [26] cannot be observed at large Re f .
Recall that the model we use requires that the ratio between the Saffman and the Oseen lengths, S / O , is 1 [19] . Our estimates here, s ∼ 1/τ K , lead to S
The ratio W s /u K is expected to be significantly larger than 1 for particles much denser than the fluid. This suggests that neglecting fluid-inertia effects due to shear, as done here, is consistent when R 1. Consider now the case of a laminar flow with Reynolds number Re f < 1. In this case we use U 0 /L to estimate the velocity-gradient scale s, so that
We remark that the relative magnitude of the fluid-inertia contributions to the angular dynamics [Appendix B of [32] ] amounts to Re p w 0 /λ p , where Re p = βaW s /ν, w 0 = W s /U 0 and λ p = βa/L. As a result, our expression (11) coincides with theirs. Eq. (11) suggests that the distribution of orientation predicted in [23] [24] [25] [26] [27] -rods settling preferentially with their tips first -could be observable at small Re f . Our numerical results, presented in the following sections, confirm the conclusions of the present analysis.
IV. RESULTS OF NUMERICAL SIMULATIONS
We studied the dynamics of spheroids in different flow models that describe low-Re f flows, as well as high-Re f (turbulent) flows with many spatial scales.
A. Two-dimensional vortex flow
We performed numerical simulations of prolate spheroids (β = 20) settling in a simple two-dimensional (2D) cellular flow mimicking that of [32] , for different values of the parameter R. Our results are shown in Fig. 2 . At low values of R ( Fig. 2a ), the orientation distribution exhibits a peak around θ ≈ 0 and θ ≈ π. Here θ is the angle between n and the direction of gravity (Fig.1 ). So this corresponds to rods settling with their tips first. As the value of R increases (Fig. 2b, c) , however, the peaks migrate towards θ ≈ π/2. This corresponds to rods settling with their broad sides first.
B. Turbulence
We model high-Re f turbulent flows using the kinematic simulation (KS) model [41] , representing the large range of scales in the flow by the superposition of a few Fourier modes, with a distribution of wavenumber amplitude in k-space, as explained in [42] . Figures 3 and 4 display the results of our simulations of this model. Shown is the orientation distribution, respectively for R ≈ 0.6 and R ≈ 10, for prolate spheroids (β = 5), panels a, and for oblate spheroids (β = 0.02), panels b. Results for a range of Stokes numbers St = τ p /τ K are shown, where τ K is the Kolmogorov time scale. Tables I and II list the parameters used in our simulations. We defined the settling numbers F = gτ K /U 0 and w 0 = W s /U 0 . The flow Reynolds number, Re f , is estimated as the ratio between the largest and the smallest length scales, respectively L and η: L/η = Re 3/4 f . The particle Reynolds number, Re p , is defined as W sã /ν. As expected, for R = 0.6, or smaller (data not shown), the distribution of angles is almost uniform: the deviations from a strictly uniform PDF are at most of the order 10%, and in fact diminish with R, or alternatively with W s /U 0 .
When w 0 = W s /U 0 becomes of order unity, the parameter R becomes larger than 1 (R ≈ 10 in our case). This implies that the fluid-inertia torque dominates the angular dynamics. The orientation distributions in this regime are shown in Fig. 4a for prolate spheroids, and in Fig. 4b for oblate spheroids. For prolate particles the distribution peaks at n z ≈ 0, where n ⊥ g. This corresponds to particles settling with their long side first. For oblate spheroids, on the other hand, the distributions peak at n z = ±1. This corresponds to disks settling with their broad sides first.
For increasing values of R (not shown here), the distributions of n z become more and more peaked around n z = 0 for prolate spheroids, and n z = ±1 for oblate particles.
In summary, when the settling parameter w 0 = W s /U 0 is of order unity or larger, then R > 1 in a turbulent flow with large Re f . In this case the fluid-inertia torque dominates the angular dynamics, leading to a distribution of orientation at odds with the predictions of models neglecting this torque [23] [24] [25] [26] [27] . A theory for the orientation distribution for R > 1, when the fluid-inertia torque dominates, has been derived by [35] (see also [33] ). We notice that Figs. 3 and 4 show that at a fixed value of R, the Stokes number has only a limited effect on the orientation statistics, for the range of parameters considered here (St 1), consistent with the findings of [35] . Table I , but for Fig. 4 .
V. DISCUSSION
The analysis presented here, along with the numerical results obtained using very simplified flows, shows that the effect of convective fluid inertia on the orientation of particles settling in a flow becomes important when the parameter R, defined by Eq. (1) is 1. This condition implies (W s /U 0 ) 2 Re α f 1, where α = 1 in the laminar regime (Re f < 1), and α = 1/2 at large Reynolds numbers, when the flow is turbulent.
For a turbulent flow this condition implies that the effect of convective fluid inertia can only be neglected when W s /U 0 1. In this regime, the orientation distribution is essentially uniform. When the ratio W s /U 0 becomes of order unity, our study suggests that particles tend to settle preferentially with their broad sides down. This conclusion has been previously reached by considering the restoring torque induced by convective inertia [34] , and has also been observed in laboratory experiments [33] . The expression for R, given by Eq. (1) was derived in the limits of infinitely thin (β 1) or infinitely flat (β 1) particles, but our numerical results show that this parameter is also relevant for moderate values of β.
The present analysis was performed by keeping, in addition to the Jeffery torque, only the leading-Re p contribution of the convective fluid-inertia torque for a particle settling slowly and steadily in a fluid at rest. This model has been validated, to some extent, in a recent experimental work [32] . This opens the possibility to understand quantitatively the orientation distribution of small non-spherical particles settling in turbulent flows [35] , a question of fundamental importance in cloud physics [2] .
